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ON WARPED PRODUCT MANIFOLDS SATISFYING SOME
PSEUDOSYMMETRIC TYPE CONDITIONS
ABSOS ALI SHAIKH AND HARADHAN KUNDU
Abstract. The object of the present paper is to study the characterization of warped product
manifolds satisfying some pseudosymmetric type conditions, especially, due to projective curvature
tensor. For this purpose we consider a warped product manifold satisfying the pseudosymmetric
type condition R · R = L1Q(g,R) + L2Q(S,R) and evaluate its characterization theorem. As spe-
cial cases of L1 and L2 we find out the necessary and sufficient condition for a warped product
manifold to satisfy various pseudosymmetric type, such as pseudosymmetry, Ricci generalized pseu-
dosymmetry, semisymmetry due to projective curvature tensor (P · R = 0), pseudosymmetry due
to projective curvature tensor (P · R = LQ(g,R)) etc. Finally we present some suitable examples
of warped product manifolds satisfying such pseudosymmetric type conditions.
1. Introduction
Let ∇, R, S, G, P and κ be respectively the Levi-Civita connection, the Riemann-Christoffel
curvature tensor, Ricci tensor, the Gaussian curvature tensor, the projective curvature tensor and
the scalar curvature of an n-dimensional (n ≥ 3) connected smooth semi-Riemanian manifold M
equipped with the semi-Riemannian metric g. Symmetry is a very important geometric property of
a space. Cartan [3] introduced the notion of symmetry (local and global) on a Riemannian manifold
in terms of geodesic symmetries. A semi-Riemannian manifold is said to be locally symmetric [3] if
its local geodesic symmetries at each point are all isometry. According to Cartan-Ambrose-Hicks
theorem a locally symmetric manifold can be characterized by the curvature condition∇R = 0, i.e.,
the curvature tensor is covariantly constant (For the meaning and definition of various notations
and symbols used here, we refer the reader to Section 2 of this paper).
As a proper generalization of locally symmetric manifold, Cartan [4] introduced the notion of
semisymmetric manifold. A semi-Riemannian manifold is said to be semisymmetric [4] (see also
[30], [31], [32]) if R·R = 0, where the first R stands for the curvature operator acting as a derivation
on the second R. It may be noted that a semi-Riemannian manifold is semisymmetric if and only
if its sectional curvature function k(p, π) is invariant up to second order, under parallel transport
of any plane π at any point p of M around any infinitesimal coordinate parallelogram centered at
p (see [12], [15], [16]).
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During the study of totally umbilical submanifolds of semisymmetric manifolds as well as during
the consideration of geodesic mappings on semisymmetric manifolds, Adamow and Deszcz [1]
(see [7] and also references therein) introduced the notion of pseudosymmetric manifolds as a
proper generalization of semisymmetric manifolds. A semi-Riemannian manifold is said to be
pseudosymmetric if
R · R and Q(g, R) are linearly dependent.
Let M be not of constant curvature and U denotes the set {x ∈ M : Q(g, R) 6= 0}. Then at a
point p ∈ U , a plane π1(~vp, ~wp) ⊂ TpM is said to be curvature dependent with respect to another
plane π2( ~xp, ~yp) ⊂ TpM if Q(g, R)(~vp, ~wp, ~vp, ~wp, ~xp, ~yp) 6= 0. Now if π1 is curvature dependent with
respect to π2, then the scalar
L(p, π1, π2) =
R · R(~vp, ~wp, ~vp, ~wp, ~xp, ~yp)
Q(g, R)(~vp, ~wp, ~vp, ~wp, ~xp, ~yp)
is called the double sectional curvature or Deszcz sectional curvature ([12], [15], [16], [17]) of the
plane π1 with respect to π2 at p. In terms of Deszcz sectional curvature, a semi-Riemannian man-
ifold is pseudosymmetric if at each point p ∈ U , L(p, π1, π2) is independent of the planes π1 and
π2 (see [12], [15], [16], [17]).
Replacing R by other curvature tensors and g by other symmetric (0, 2)-tensor in the defining
condition of semisymmetric manifold and pseudosymmetric manifold one can get various curvature
restricted geometric structures, which are simply called as semisymmetric type and pseudosym-
metric type manifolds ([10], [11], [13], [22], [25], [28]). For the geometric meaning of Weyl semisym-
metric and Weyl pseudosymmetric spaces we refer the reader to see [18]. One of the important
semisymmetric type (resp., pseudosymmetric type) manifold is semisymmetric (resp., pseudosym-
metric) manifold due to projective curvature tensor. A semi-Riemannian manifold is said to be
semisymmetric (resp., pseudosymmetric) due to projective curvature tensor if
P ·R = 0 (resp., P · R and Q(g, R) are linearly dependent).
Another important pseudosymmetric type manifold is Ricci generalized pseudosymmetric manifold.
A semi-Riemannian manifold is said to be Ricci generalized pseudosymmetric ([5], [6]) if
R · R and Q(S,R) are linearly dependent.
We refer the reader to see [26] for details about various curvature restricted geometric structures
due to projective curvature tensor.
Again the notion of warped product manifold ([2], [19]) is a generalization of product manifold
and this notion is important due to its applications in general theory of relativity and cosmology.
Various spacetimes are warped product, e.g., Robertson-Walker spacetimes, asymptotically flat
spacetimes, Schwarzschild spacetimes, Kruskal space-times, Reissner-Nordstro¨m spacetimes etc.
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The main purpose of this present paper is to study the characterization of a warped product semi-
Riemannian manifold realizing some pseudosymmetric type curvature conditions, especially, due to
the projective curvature tensor. For this purpose we consider the pseudosymmetric type condition
R · R = L1Q(g, R) + L2Q(S,R), and evaluate the characterization of a warped product manifold
satisfying such curvature condition. As a special case we get the characterization of a warped
product manifold which is (i) semisymmetric, (ii) pseudosymmetric, (iii) Ricci generalized pseu-
dosymmetric, (iv) special Ricci generalized pseudosymmetric, (v) semisymmetric due to projective
curvature tensor and (vi) pseudosymmetric due to projective curvature tensor etc. It is shown that
if a warped product manifold M = M ×f M˜ satisfies R · R = L1Q(g, R) + L2Q(S,R) such that
L2 is nowhere zero, then at either the base M is flat or the fiber M˜ is Einstein. Consequently for
a warped product pseudosymmetric manifold due to projective curvature tensor or special Ricci
generalized pseudosymmetric manifold either the base is flat or the fiber is Einstein.
The paper is organized as follows. After discussing various notations as preliminaries in Section
2, we define various pseudosymmetric type curvature restricted geometric structures in Section
3. Section 4 is devoted to the study of warped product manifold and we state the curvature re-
lation of a warped product manifold with its base and fiber. In Section 5 we discuss about the
characterization theorems of various pseudosymmetric type warped product manifolds. Finally to
support our results we present some suitable examples of warped product manifolds in the last
section. It is interesting to mention that notion of pseudosymmetric manifold arose during the
study of totally umbilical hypersurface of a semisymmetric manifold, and in Example 1 we present
a pseudosymmetric totally umbilical hypersurface of a semisymmetric manifold.
2. Preliminaries
Let M be a connected n-dimensional smooth manifold equipped with the semi-Riemannian
metric g. Let us consider the following notations related to (M, g):
C∞(M) = the algebra of all smooth functions on M ,
T rk (M) = the space of all smooth tensor fields of type (r, k) on M and
χ(M) = T 10 (M) = the Lie algebra of all smooth vector fields on M .
The Kulkarni-Nomizu product ([9], [14], [29]) A∧E ∈ T 04 (M) of A and E ∈ T
0
2 (M), is given by
(A ∧ E)(X1, X2, X3, X4) = A(X1, X4)E(X2, X3) + A(X2, X3)E(X1, X4)
− A(X1, X3)E(X2, X4)− A(X2, X4)E(X1, X3),
where X1, X2, X3, X4 ∈ χ(M). Throughout the paper we consider X, Y,X1, X2, · · · ∈ χ(M).
Now for D ∈ T 04 (M), A ∈ T
0
2 (M) and X, Y ∈ χ(M), we get two endomorphisms D(X, Y )
(called the associated curvature operator of D) and X ∧A Y defined by
D(X, Y )(X1) = D(X, Y )X1 and
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(X ∧A Y )X1 = A(Y,X1)X − A(X,X1)Y,
where D ∈ T 13 (M) such that g(D(X, Y )X1, X2) = D(X, Y,X1, X2), called the associated (1, 3)
tensor of D.
A tensor D ∈ T 04 (M) is said to be a generalized curvature tensor ([9], [20], [22]) if
D(X1, X2, X3, X4) +D(X2, X3, X1, X4) +D(X3, X1, X2, X4) = 0,
D(X1, X2, X3, X4) +D(X2, X1, X3, X4) = 0 and
D(X1, X2, X3, X4) = D(X3, X4, X1, X2).
The Gaussian curvature tensor G, Weyl conformal curvature tensor C, concircular curvature tensor
W and conharmonic curvature tensor Kare all generalized curvature tensors and respectively given
by
G =
1
2
g ∧ g,
C = R−
1
n− 2
g ∧ S +
κ
2(n− 1)(n− 2)
g ∧ g,
W = R−
κ
2n(n− 1)
g ∧ g and
K = R−
1
n− 2
g ∧ S.
The projective curvature tensor P of type (0, 4) , given by
P (X1, X2, X3, X4) = R(X1, X2, X3, X4)−
1
n− 2
[S(X2, X3)g(X1, X4)− S(X1, X3)g(X2, X4)] ,
is not a generalized curvature tensor.
Again an endomorphism L can be operate on a (0, k)-tensor H and obtain LH as follows:
(LH)(X1, X2, · · · , Xk) = −H(LX1, X2, · · · , Xk)− · · · −H(X1, X2, · · · ,LXk).
In particular, for L = D(X, Y ) and X ∧A Y we get two (0, k + 2) tensors D · H and Q(A,H)
defined as ([23], [28], [11] and also references therein)
D ·H(X1, X2, . . . , Xk, X, Y ) = (D(X, Y ) ·H)(X1, X2, . . . , Xk)
= −H(D(X, Y )X1, X2, . . . , Xk)− · · · −H(X1, X2, . . . ,D(X, Y )Xk),
Q(A,H)(X1, X2, · · · , Xk, X, Y ) = ((X ∧A Y ) ·H)(X1, X2, . . . , Xk)
= A(X,X1)H(Y,X2, · · · , Xk) + · · ·+ A(X,Xk)H(X1, X2, · · · , Y )
−A(Y,X1)H(X,X2, · · · , Xk)− · · · − A(Y,Xk)H(X1, X2, · · · , X).
Lemma 2.1. Let M be a connected warped product manifold with base M and fiber M˜ . If f1 ∈
C∞(M) and f2 ∈ C
∞(M˜) satisfies f1 f2 ≡ 0, then either f1 ≡ 0 or f2 ≡ 0.
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Lemma 2.2. [5] Let A,E ∈ T 02 (M) be symmetric. Then Q(A,E) = 0 if and only if A and E are
linearly dependent [5]. Moreover Q(A,E) = 0 if and only if M is Einstein, i.e., S = κ
n
g.
3. Pseudosymmetric type curvature restricted geometric structures
Definition 3.1. ([22], [30], [31], [32]) For H ∈ T 0k (M) and D ∈ T
0
4 (M), a semi-Riemannian
manifold M is said to be H-semisymmetric type if D ·H = 0.
In particular, a semi-Riemannian manifold with the semisymmetric type conditions R · R = 0,
R · S = 0, R · P = 0, P · R = 0 and P · S = 0 is respectively called semisymmetric, Ricci
semisymmetric, projective semisymmetric, semisymmetric due to projective curvature tensor and
Ricci semisymmetric due to projective curvature tensor respectively.
Definition 3.2. ([1], [7], [9], [22]) For H ∈ T 0k (M) and Di ∈ T
0
4 (M), i = 1, 2, · · · r, r ≥ 2, a semi-
Riemannian manifold is said to be H-pseudosymmetric type if Di ·H are linearly dependent, i.e.,
r∑
i=1
ci(Di ·H) = 0 for some ci ∈ C
∞(M), called the associated scalars. Moreover if the associated
scalars are constant then the manifold is called pseudosymmetric type manifold of constant type.
In particular, a semi-Riemannian manifold satisfying
R · C = LRQ(g, C) on {x ∈M : Cx 6= 0} ,
R · S = LSQ(g, S) on
{
x ∈M :
(
S −
κ
n
g
)
x
6= 0
}
,
R · P = LPQ(g, P ) on {x ∈M : Q(g, P )x 6= 0} ,
P · R = L1Q(g, R) on
{
x ∈M :
(
R−
κ
n(n− 1)
G
)
x
6= 0
}
and
P · S = L2Q(g, S) on
{
x ∈M :
(
S −
κ
n
g
)
x
6= 0
}
is called conformally pseudosymmetric, Ricci pseudosymmetric, projective pseudosymmetric, pseu-
dosymmetric due to projective curvature tensor and Ricci pseudosymmetric due to projective cur-
vature tensor respectively, where LR, LS, LP , L1, L2 are the associated scalars.
In this paper we are mainly interested on the pseudosymmetric type condition R·R = L1Q(g, R)+
L2Q(S,R). For particular values of L1 and L2, we get various pseudosymmetric type conditions
as follows:
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Values of L1 & L2 Structure name Curvature condition
L1 = L2 = 0 Semisymmetric manifold R · R = 0
L2 = 0 Pseudosymmetric manifold R · R = L1Q(g, R)
L1 = 0
Ricci generalized
Pseudosymmetric manifold
R · R = L2Q(S,R)
L1 = 0, L2 = 1
Special Ricci generalized
Pseudosymmetric manifold
R ·R = Q(S,R)
L1 =
κ
n(n−1)
, L2 = 0
Semisymmetric due to
concircular curvature tensor
W ·R = 0
L1 =
κ
n(n−1)
Ricci generalized Pseudosymmetric
due to concircular curvature tensor
W · R = L2Q(S,R)
L1 = 0, L2 =
1
n−2
Semisymmetric due to
projective curvature tensor
P · R = 0
L2 =
1
n−2
Pseudosymmetric due to
projective curvature tensor
P · R = L1Q(g, R)
4. Warped product manifolds
Warped product is an important notion in semi-Riemannian geometry and it has a great ap-
plications in general theory of relativity and cosmology. To impose a semi-Riemannian structure
on a product smooth manifold, the notion of warped product metric arose as a generalization
of Riemannian product metric. This notion was independently introduced by Kruc˘kovic˘ [19] (as
semi-decomposable metric) as well as Bishop and O’Neill [2]. The most important example of
non-Riemann product but a warped product is surface of revolution. Many well-known space-
times, e.g., Schwarzschild, Kottler, Reissner-Nordstro¨m, Reissner-Nordstro¨m-de Sitter, Vaidya,
Robertson-Walker spacetimes are all warped products.
Let (M, g) and (M˜, g˜) be two semi-Riemannian manifolds of dimension p and (n−p) respectively
(1 ≤ p ≤ n− 1) and M =M × M˜ . The warped product metric g on M is given by
g = π∗(g) + (f ◦ π)σ∗(g˜),
where f is a positive smooth function on M and π : M → M (resp., σ : M → M˜) is the natural
projection on M (resp., M˜). The manifold M is called the base, M˜ is called the fiber and f is
called the warping function of M . If f = 1, then the warped product reduces to the Riemann
product. If we consider a product chart (U × V ; x1, x2, ..., xp, xp+1 = y1, xp+2 = y2, ..., xn = yn−p)
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on M , then in terms of local coordinates, g can be expressed as
gij =


gij for i = a and j = b,
f g˜ij for i = α and j = β,
0 otherwise,
(4.1)
where a, b ∈ {1, 2, ..., p} and α, β ∈ {p + 1, p + 2, ..., n}. We note that throughout the paper we
consider a, b, c, d, e, s, t ∈ {1, 2, ..., p}; α, β, γ, δ, ǫ, µ, η ∈ {p + 1, p + 2, ..., n} and i, j, k, l, q, u, v ∈
{1, 2, ..., n}. Moreover, when  is a quantity formed with respect to g, we denote by  and ˜, the
similar quantities formed with respect to g and g˜ respectively.
By a straightforward calculation we can evaluate the components of various necessary tensors
of a warped product manifold in terms of the base and fiber components. The non-zero local
components Rhijk of the Riemann-Christoffel curvature tensor R, Sjk of the Ricci tensor S and the
scalar curvature κ of M are respectively given by
Rabcd = Rabcd, Raαbβ = fTabg˜αβ , Rαβγδ = fR˜αβγδ − f
2∆G˜αβγδ,
Sab = Sab − (n− p)Tab, Sαβ = S˜αβ + Ωg˜αβ
and κ = κ+
κ˜
f
− (n− p)[(n− p− 1)∆− 2 tr(T )],
where Gijkl = gilgjk − gikgjl are the components of Gaussian curvature and
Tab =
1
2f
(fa,b −
1
2f
fafb), tr(T ) = g
abTab,
∆ =
1
4f 2
gabfafb, Ω = −f((n− p− 1)∆ + tr(T )), fa = ∂af =
∂f
∂xa
.
The non-identically zero local components of R · R, Q(g, R) and Q(S,R) of M are given by
(R · R)abcdst = (R · R)abcdst,(4.2)
(R ·R)aαbβst = f g˜αβ(R · T )abst,
(R · R)abcαsη = f g˜αη
(
TasTbc − TacTbs + T
t
sRabct
)
,
(R · R)aαβγsη = −fTas[R˜ηαβγ − f∆G˜ηαβγ ]− f
2T 2asG˜ηαβγ ,
(R · R)αβγδµη = f [(R˜ · R˜)αβγδµη − f∆Q(g˜, R˜)αβγδµη ];
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Q(g, R)abcdst = Q(g, R)abcdst,(4.3)
Q(g, R)aαbβst = f g˜αβQ(g, T )abst,
Q(g, R)abcαsη = f g˜αη
(
Rabct − gbsTac + gasTbc
)
,
Q(g, R)aαβγsη = −f [gasR˜ηαβγ + f(Tas −∆gas)G˜ηαβγ ],
Q(g, R)αβγδµη = f
2Q(g˜, R˜)αβγδµη ;
Q(S,R)abcdst = Q(S,R)abcdst − (n− p)Q(S,R)abcdst,(4.4)
Q(S,R)aαbβst = f g˜αβQ(S, T )abst,
Q(S,R)abcαsη = Rabcs[S˜αβ + Ωg˜αβ ]
+f g˜αη[Tbc(Sas − (n− p)Tas)− Tac(Sbs − (n− p)Tbs)],
Q(S,R)aαβγsη = −f(Sas − (n− p)Tas)(R˜ηαβγ − f∆G˜ηαβγ)
−fTas
[
g˜αβ(S˜γη + Ωg˜γη)− g˜αγ(S˜βη + Ωg˜βη)
]
,
Q(S,R)aαbβµη = −fTabQ(g˜, S˜)αβµη,
Q(S,R)αβγδµη = f [Q(S˜, R˜)αβγδµη −∆Q(S˜, G˜)αβγδµη + fΩQ(g˜, R˜)αβγδµη ].
We refer the readers to see [5], [21], [24], [27] and also references therein for detail information
about warped product components of various tensors on M .
5. Main results
Theorem 5.1. Let Mn = M
p
×f M˜
n−p be a warped product manifold. Then M satisfies the
pseudosymmetric type condition
(5.1) R · R = L1Q(g, R) + L2Q(S,R)
if and only if the following conditions hold simultaneously:
(I) R · R = L1Q(g, R) + L2Q(S,R)− L2(n− p)Q(T,R),
(II) f g˜αβ
(
TasTbc − TacTbs + T
t
sRabct
)
= L1f g˜αβ
(
Rabcs − Tacgbs + Tbcgas
)
+L2Rabcs
(
S˜αβ + Ωg˜αβ
)
+L2f g˜αβ
[
Tbc
(
Sas − (n− p)Tas
)
− Tac
(
Sbs − (n− p)Tbs
)]
,
(III) Tas
(
R˜ηαβγ − f∆G˜ηαβγ
)
+ fT 2asG˜ηαβγ = L1
[
gasR˜ηαβγ + f(Tas −∆gas)G˜ηαβγ
]
+ L2(Sas − (n− p)Tas)(R˜ηαβγ − f∆G˜ηαβγ)
+ L2Tas
[
g˜αβ(S˜γη + Ωg˜γη)− g˜αγ(S˜βη + Ωg˜βη)
]
,
(IV ) L2TabQ(g˜, S˜)αβγδ = 0 and
(V ) R˜ · R˜ = f (∆ + L1 + ΩL2)Q(g˜, R˜) + L2Q(S˜, R˜)− L2∆Q(S˜, G˜).
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Proof: In terms of local coordinates, (5.1) can be written as
(5.2) (R · R)ijkluv = L1Q(g, R)ijkluv + L2Q(S,R)ijkluv.
Now from (4.2), (4.3) and (4.4) we see that the non-zero possibilities of (5.2) are
(i) i = a, j = b, k = c, l = d, u = s, v = t,
(ii) i = a, j = α, k = b, l = β, u = s, v = t,
(iii) i = a, j = b, k = c, l = α, u = s, v = η,
(iv) i = a, j = α, k = β, l = γ, u = s, v = η,
(v) i = a, j = α, k = b, l = β, u = µ, v = η and
(vi) i = α, j = β, k = γ, l = δ, u = µ, v = η.
So it is obvious that to prove the theorem we have only to show that the conditions (I)-(V) are
the simplified form of the possibilities (i)-(vi). Putting (i), (iii), (iv), (v) and (vi) in (5.2) and
simplifying we get (I) to (V) respectively. Again putting (ii) in (5.2), we get R · T = L1Q(g, T ) +
L2Q(S, T ), which obviously follows from (II). This completes the proof.
Corollary 5.1. If a warped product manifold Mn = M
p
×f M˜
n−p satisfies the pseudosymmetric
type condition R · R = L1Q(g, R) + L2Q(S,R), then R · T = L1Q(g, T ) + L2Q(S, T ).
Proof: From condition (II) of Theorem 5.1 we get the result easily.
Theorem 5.2. If Mn =M
p
×f M˜
n−p is a warped product manifold satisfying (5.1), then
M = {x ∈M : R|pi(x) = 0} ∪ {x ∈M : (T − L1g)|pi(x) = 0} ∪ {x ∈M : (S˜ −
κ˜
n−p
g˜)|σ(x) = 0}.
Proof: Since M satisfies (5.1), then from the condition (IV) of Theorem 5.1, at every point x ∈ M
we have the following three cases:
Case 1: L2 = 0. Therefore from (III) of Theorem 5.1, we get
(T − L1g)R˜ = f
[
L1(T −∆g) + ∆T − T
2
]
G˜
⇒ either T − L1g = 0 or R˜ is a scalar multiple of G˜ and thus S˜ =
κ˜
n−p
g˜ at x.
Case 2: T = 0. In this case putting the value of T in (II) of Theorem 5.1, we get
R(L1f g˜ + L2S˜ + L2Ωg˜) = 0
⇒ either R = 0 or L2S˜ + (L1f + L2Ω)g˜ = 0 at x
⇒ either R = 0 or L2 = 0 or S˜ =
κ˜
n− p
g˜ at x.
Case 3: Q(g˜, S˜) = 0. Then from Lemma 2.1 of [5], S˜ = κ˜
n−p
g˜ at x.
Now R = 0 at x means R|pi(x) = 0, T − L1g = 0 at x means (T − L1g)|pi(x) = 0 and S˜ −
κ˜
n−p
g˜ = 0
at x means (S˜ − κ˜
n−p
g˜)|σ(x) = 0. Now combining the resulting condition of above cases we get our
assertion.
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Theorem 5.3. If a warped product manifold Mn = M
p
×f M˜
n−p satisfies the pseudosymmetric
type condition (5.1) and L2 is nowhere zero, then
either (i) the base M is flat
or (ii) the fiber M˜ is Einstein.
Proof: Since M satisfies (5.1) and L2 is nowhere zero, then from the condition (IV) of Theorem
5.1,
TQ(g˜, S˜) ≡ 0
⇒ T ≡ 0 or Q(g˜, S˜) ≡ 0 [by Lemma 2.1].
Now if T is identically zero, then from Condition (II), R(L1f g˜ + L2S˜ + L2Ωg˜) ≡ 0.
⇒ R ≡ 0 or L1f g˜ + L2S˜ + L2Ωg˜ ≡ 0. [by Lemma 2.1]
⇒ base is flat or fiber is Einstein [as L2 is nowhere zero].
Again if Q(g˜, S˜) ≡ 0 then from Lemma 2.2, the fiber M˜ is Einstein. This completes the proof.
Now from Theorem 5.1 we can easily get the characterization for a warped product semisym-
metric and various pseudosymmetric type manifolds as follows:
Corollary 5.2. Let Mn = M
p
×f M˜
n−p be a warped product manifold. Then M satisfies R ·R = 0
if and only if the following conditions hold simultaneously:
(I) R · R = 0,
(II) TasTbc − TacTbs + fT
t
sRabct = 0,
(III) Tas
(
R˜ηαβγ − f∆G˜ηαβγ
)
+ T 2asG˜ηαβγ = 0,
(IV) R˜ · R˜ = f∆Q(g˜, R˜).
Corollary 5.3. Let Mn =M
p
×f M˜
n−p be a warped product semisymmetric manifold. Then
(i) the base M is semisymmetric,
(ii) the fiber M˜ is pseudosymmetric,
(iii) the fiber M˜ is of constant curvature if T 6= 0.
(iv) R · T = 0.
Corollary 5.4. ([6], [8], [11]) Let Mn = M
p
×f M˜
n−p be a warped product manifold. Then M
satisfies R · R = LRQ(g, R) if and only if the following conditions hold simultaneously:
(I) R · R = LRQ(g, R),
(II) T ts
(
Rabct − Tacgbt + Tbcgat
)
= LR
(
Rabcs − Tacgbs + Tbcgas
)
,
(III) Tas
(
R˜ηαβγ − f∆G˜ηαβγ
)
+ fT 2asG˜ηαβγ = LR
[
gasR˜ηαβγ + f(Tas −∆gas)G˜ηαβγ
]
,
(IV) R˜ · R˜ = (f∆+ fLR)Q(g˜, R˜).
Corollary 5.5. Let Mn =M
p
×f M˜
n−p be a warped product pseudosymmetric manifold (R · R =
LRQ(g, R)). Then
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(i) the base and fiber both are pseudosymmetric,
(ii) R · T = LRQ(g, T ).
Corollary 5.6. Let Mn =M
p
×f M˜
n−p be a warped product manifold. Then M satisfies R · R =
LQ(S,R) if and only if the following conditions hold simultaneously:
(I) R · R = LQ(S,R)− L(n− p)Q(T,R),
(II) f g˜αβ
(
TasTbc − TacTbs + T
t
sRabct
)
= LRabcs
(
S˜αβ + Ωg˜αβ
)
+ Lfg˜αβ
[
Tbc
(
Sas − (n− p)Tas
)
− Tac
(
Sbs − (n− p)Tbs
)]
,
(III) Tas
(
R˜ηαβγ − f∆G˜ηαβγ
)
+ fT 2asG˜ηαβγ = L(Sas − (n− p)Tas)(R˜ηαβγ − f∆G˜ηαβγ)
+ LTas
[
g˜αβ(S˜γη + Ωg˜γη)− g˜αγ(S˜βη + Ωg˜βη)
]
,
(IV) LTabQ(g˜, S˜)αβγδ = 0 and
(V) R˜ · R˜ = (f∆+ΩL)Q(g˜, R˜) + LQ(S˜, R˜)− L∆Q(S˜, G˜).
Corollary 5.7. If a warped product manifold Mn = M
p
×f M˜
n−p satisfies R ·R = LQ(S,R), then
M = {x ∈M : R|pi(x) = 0} ∪ {x ∈M : T |pi(x) = 0} ∪ {x ∈M : (S˜ −
κ˜
n−p
g˜)|σ(x) = 0}.
Corollary 5.8. [6] Let Mn = M
p
×f M˜
n−p be a warped product manifold. Then M satisfies the
special Ricci generalized pseudosymmetric condition R · R = Q(S,R) if and only if the following
conditions hold simultaneously:
(I) R · R = Q(S − (n− p)T,R),
(II) f g˜αβ
(
TasTbc − TacTbs + T
t
sRabct
)
= Rabcs
(
S˜αβ + Ωg˜αβ
)
+ f g˜αβ
[
Tbc
(
Sas − (n− p)Tas
)
− Tac
(
Sbs − (n− p)Tbs
)]
,
(III) Tas
(
R˜ηαβγ − f∆G˜ηαβγ
)
+ fT 2asG˜ηαβγ = (Sas − (n− p)Tas)(R˜ηαβγ − f∆G˜ηαβγ)
+ Tas
[
g˜αβ(S˜γη + Ωg˜γη)− g˜αγ(S˜βη + Ωg˜βη)
]
,
(IV) TabQ(g˜, S˜)αβγδ = 0 and
(V) R˜ · R˜ = (f∆+Ω)Q(g˜, R˜) +Q(S˜, R˜)−∆Q(S˜, G˜).
Corollary 5.9. If a warped product manifold Mn = M
p
×f M˜
n−p satisfies R ·R = Q(S,R), then
M = {x ∈M : R|pi(x) = 0} ∪ {x ∈M : (S˜ −
κ˜
n−p
g˜)|σ(x) = 0}.
Theorem 5.4. If a warped product manifold Mn =M
p
×f M˜
n−p satisfies R · R = Q(S,R), then
either (i) the base M is flat
or (ii) the fiber M˜ is Einstein.
Proof: Since the condition R ·R = Q(S,R) is a special case of R ·R = L1Q(g, R)+L2Q(S,R), for
L1 = 0 and L2 = 1. Therefore as L2 is nowhere zero, so from Theorem 5.3, we get our assertion.
Corollary 5.10. Let Mn =M
p
×f M˜
n−p be a warped product manifold. ThenM satisfiesW ·R = 0
if and only if the following conditions hold simultaneously:
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(I) R · R = κ
n(n−1)
Q(g, R),
(II) T ts
(
Rabct − Tacgbt + Tbcgat
)
= κ
n(n−1)
(
Rabcs − Tacgbs + Tbcgas
)
,
(III) Tas
(
R˜ηαβγ − f∆G˜ηαβγ
)
+ fT 2asG˜ηαβγ =
κ
n(n−1)
[
gasR˜ηαβγ + f(Tas −∆gas)G˜ηαβγ
]
,
(IV) R˜ · R˜ = f
(
∆+ κ
n(n−1)
)
Q(g˜, R˜).
Corollary 5.11. Let Mn =M
p
×f M˜
n−p be a warped product manifold. Then M satisfies W ·R =
L2Q(S,R) if and only if the following conditions hold simultaneously:
(I) R · R = κ
n(n−1)
Q(g, R) + L2Q(S,R)− L2(n− p)Q(T,R),
(II) f g˜αβ
(
TasTbc − TacTbs + T
t
sRabct
)
= κ
n(n−1)
f g˜αβ
(
Rabcs − Tacgbs + Tbcgas
)
+ L2Rabcs
(
S˜αβ + Ωg˜αβ
)
+L2f g˜αβ
[
Tbc
(
Sas − (n− p)Tas
)
− Tac
(
Sbs − (n− p)Tbs
)]
,
(III) Tas
(
R˜ηαβγ − f∆G˜ηαβγ
)
+ fT 2asG˜ηαβγ =
κ
n(n−1)
[
gasR˜ηαβγ + f(Tas −∆gas)G˜ηαβγ
]
+ L2(Sas − (n− p)Tas)(R˜ηαβγ − f∆G˜ηαβγ)
+ L2Tas
[
g˜αβ(S˜γη + Ωg˜γη)− g˜αγ(S˜βη + Ωg˜βη)
]
,
(IV ) L2TabQ(g˜, S˜)αβγδ = 0 and
(V ) R˜ · R˜ = f
(
∆+ κ
n(n−1)
+ ΩL2
)
Q(g˜, R˜) + L2Q(S˜, R˜)− L2∆Q(S˜, G˜).
Corollary 5.12. Let Mn = M
p
×f M˜
n−p be a warped product manifold. Then M satisfies P ·R = 0
if and only if the following conditions hold simultaneously:
(I) R · R = 1
n−2
Q(S − (n− p)T,R),
(II) f g˜αβ
(
TasTbc − TacTbs + T
t
sRabct
)
= 1
n−2
Rabcs
(
S˜αβ + Ωg˜αβ
)
+ 1
n−2
f g˜αβ
[
Tbc
(
Sas − (n− p)Tas
)
− Tac
(
Sbs − (n− p)Tbs
)]
,
(III) Tas
(
R˜ηαβγ − f∆G˜ηαβγ
)
+ fT 2asG˜ηαβγ =
1
n−2
(Sas − (n− p)Tas)(R˜ηαβγ − f∆G˜ηαβγ)
+ 1
n−2
Tas
[
g˜αβ(S˜γη + Ωg˜γη)− g˜αγ(S˜βη + Ωg˜βη)
]
,
(IV) TabQ(g˜, S˜)αβγδ = 0 and
(V) R˜ · R˜ = f
(
∆+ Ω
n−2
)
Q(g˜, R˜) + 1
n−2
Q(S˜, R˜)− 1
n−2
∆Q(S˜, G˜).
Theorem 5.5. If a warped product manifold Mn = M
p
×f M˜
n−p satisfies P · R = 0, then either
(i) the base M is flat or (ii) the fiber M˜ is Einstein.
Corollary 5.13. Let Mn = M
p
×f M˜
n−p be a warped product manifold. Then M satisfies the
pseudosymmetric type condition
(5.3) P · R = L1Q(g, R)
if and only if the following conditions hold simultaneously:
(I) R · R = L1Q(g, R) +
1
n−2
Q(S,R)− n−p
n−2
Q(T,R),
(II) f g˜αβ
(
TasTbc − TacTbs + T
t
sRabct
)
= L1f g˜αβ
(
Rabcs − Tacgbs + Tbcgas
)
+ 1
n−2
Rabcs
(
S˜αβ + Ωg˜αβ
)
+ f
n−2
g˜αβ
[
Tbc
(
Sas − (n− p)Tas
)
− Tac
(
Sbs − (n− p)Tbs
)]
,
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(III) Tas
(
R˜ηαβγ − f∆G˜ηαβγ
)
+ fT 2asG˜ηαβγ = L1
[
gasR˜ηαβγ + f(Tas −∆gas)G˜ηαβγ
]
+ 1
n−2
(Sas − (n− p)Tas)(R˜ηαβγ − f∆G˜ηαβγ)
+ 1
n−2
Tas
[
g˜αβ(S˜γη + Ωg˜γη)− g˜αγ(S˜βη + Ωg˜βη)
]
,
(IV) TabQ(g˜, S˜)αβγδ = 0 and
(V) R˜ · R˜ =
(
f∆+ fL1 +
Ω
n−2
)
Q(g˜, R˜) + 1
n−2
Q(S˜, R˜)− 1
n−2
∆Q(S˜, G˜).
Theorem 5.6. If a warped product manifold Mn =M
p
×f M˜
n−p satisfies P ·R = L1Q(g, R), then
either (i) the base M is flat or (ii) the fiber M˜ is Einstein.
6. Examples
Example 1: Consider the warped product M = M ×f M˜ , where M is an open interval of
R with the metric ds2 = 1
1+a(1+x1)2
(dx1)2 in local coordinate x1, M˜ is a 4-dimensional manifold
equipped with a semi-Riemannian metric
ds˜2 = −(dx2)2 + e2x
2
(x5)2(dx3)2 + 2e2x
2
dx3dx4 + e2x
2
(dx5)2
in local coordinates (x2, x3, x4, x5) and the warping function f = (x1+1)2. We can easily evaluate
the local components of necessary tensors of M˜ . The non-zero components of the Riemann-
Christoffel curvature tensor R˜ and the Ricci tensor S˜ of M˜ upto symmetry are
R˜1213 = R˜1414 = −e
2x2 , −R˜2323 = R˜2434 = e
4x2 ,
R˜1212 = −e
2x2(x5)2, R˜2424 = e
2x2(ex
2
x5 − 1)(ex
2
x5 + 1)
and
S˜11 = 3, S˜22 = −3e
2x2(x5)2 − 1, S˜23 = S˜44 = −3e
2x2 .
Scalar curvature of M˜ is (−12). Again the non-zero components of R˜ · R˜, Q(g˜, R˜) and Q(S˜, R˜) are
R˜ · R˜122414 = −R˜ · R˜142412 = e
2x2 , 2R˜ · R˜232424 = −R˜ · R˜242423 = 2e
4x2,
−Q(g˜, R˜)122414 = Q(g˜, R˜)142412 = e
2x2 , −2Q(g˜, R˜)232424 = Q(g˜, R˜)242423 = 2e
4x2 ,
−Q(S˜, R˜)121223 = −2Q(S˜, R˜)121424 = 2Q(S˜, R˜)122312 =
2
3
Q(S˜, R˜)122414 = −Q(S˜, R˜)142412 = 2e
2x2 ,
2Q(S˜, R˜)232424 = −Q(S˜, R˜)242423 = 4e
4x2 .
Then we can easily check that M˜ satisfies R˜ ·R˜ = −Q(g˜, R˜), i.e., M˜ is a pseudosymmetric manifold
of constant type.
Now by a straightforward calculation we can evaluate the components of various necessary
tensors corresponding to M . The non-zero local components of the Riemann-Christoffel curvature
tensor R and the Ricci tensor S of M upto symmetry are
R1212 =
a(x1 + 1)2
a(x1)2 + 2ax1 + a+ 1
, R1313 = −
ae2x
2
(x1 + 1)2(x5)2
a(x1)2 + 2ax1 + a + 1
,
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R1314 = R1515 = −
ae2x
2
(x1 + 1)2
a(x1)2 + 2ax1 + a + 1
, R2323 = ae
2x2(x1 + 1)4(x5)2,
R2324 = R2525 = ae
2x2(x1 + 1)4, R3434 = −R3545 = ae
4x2(x1 + 1)4,
−R3535 = e
2x2(x1 + 1)2(ae2x
2
(x5)2 + ae2x
2
(x1)2(x5)2 + 2ae2x
2
x1(x5)2 + 1)
and
S11 =
4a
a(x1)2 + 2ax1 + a+ 1
, S22 = −4a(x
1 + 1)2,
S33 = 4ae
2x2(x5)2 + 4ae2x
2
(x1)2(x5)2 + 8ae2x
2
x1(x5)2 + 1, S34 = S55 = 4ae
2x2(x1 + 1)2.
The scalar curvature ofM is 20a. Now the non-zero components (upto symmetry) of R ·R, Q(g, R)
and Q(S,R) are
R · R133515 = −R · R153513 =
ae2x
2
(x1 + 1)2
a(x1)2 + 2ax1 + a + 1
,
−R · R233525 = R · R253523 = ae
2x2(x1 + 1)4,
−2R · R343535 = R · R353534 = 2ae
4x2(x1 + 1)4,
Q(g, R)133515 = −Q(g, R)153513 =
e2x
2
(x1 + 1)2
a(x1)2 + 2ax1 + a + 1
,
−Q(g, R)233525 = Q(g, R)253523 = e
2x2(x1 + 1)4,
−2Q(g, R)343535 = Q(g, R)353534 = 2e
4x2(x1 + 1)4
and
−Q(S,R)121323 = Q(S,R)122313 =
a(x1 + 1)2
a(x1)2 + 2ax1 + a + 1
,
−
1
2
Q(S,R)131334 = −Q(S,R)131535 = Q(S,R)133413 =
1
4
Q(S,R)133515
= −
1
3
Q(S,R)153513 =
ae2x
2
(x1 + 1)2
a(x1)2 + 2ax1 + a+ 1
,
1
2
Q(S,R)232334 = Q(S,R)232535 = −Q(S,R)233423 = −
1
4
Q(S,R)233525
=
1
3
Q(S,R)253523 = ae
2x2(x1 + 1)4,
−2Q(S,R)343535 = Q(S,R)353534 = 6ae
4x2(x1 + 1)4.
Then from the values of R · R and Q(g, R), we see that M satisfies R · R = aQ(g, R). Therefore
M is a warped product pseudosymmetric manifold of constant type. In particular if a = 0, then
M is a warped product semisymmetric manifold. Now R · R = aQ(g, R)⇒ (R − aG) · R = 0 and
W = R− κ
5×4
G = R−aG hence W ·R = 0. Therefore M is semisymmetric type due to concircular
curvature tensor.
Remark 6.1. We know that fibers of a warped product manifold are totally umbilical submanifold
of it. In the above example, M˜ is a totally umbilical hypersurface of M for a 6= 0 and for a = 0, the
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above example is an example of pseudosymmetric totally umbilical hypersurface of a semisymmetric
manifold.
Example 2: [26] Let M2 = R×f R
3 be the 4-dimensional connected semi-Riemannian warped
product manifold, where the base metric is given by ds2 = (1+ 2ex
1
)(dx1)2, the fiber metric is the
usual Euclidean metric and the warping function f = (1 + 2ex
1
). Hence the metric of M2 is given
by
(6.1) ds2 = (1 + 2ex
1
)(dx1)2 + (1 + 2ex
1
)
[
(dx2)2 + (dx3)2 + (dx4)2
]
.
Therefore the non-zero components (upto symmetry) of R, S, κ and P are given by
R1212 = R1313 = R1414 = −
ex
1
2ex1 + 1
, R2323 = R2424 = R3434 = −
e2x
1
2ex1 + 1
;
S11 =
3ex
1
(2ex1 + 1) 2
, S22 = S33 = S44 =
ex
1
2ex1 + 1
; κ =
6ex
1
(1 + ex
1
)
(1 + 2ex1)3
;
1
2
P1221 =
1
2
P1331 =
1
2
P1441 = P2323 = −P2332 = P2424 = −P2442 = P3434 = −P3443 = −
e2x
1
− ex
1
6ex1 + 3
.
Using above we can easily calculate the non-zero components (upto symmetry) of R · R, Q(g, R),
Q(S,R) and P · R as follows:
R ·R122313 = R ·R122414 = −R ·R132312 = R ·R133414 = −R ·R142412 = −R ·R143413 =
e2x
1
(
ex
1
− 1
)
(2ex1 + 1)
3 ;
Q(g, R)122313 = Q(g, R)122414 = −Q(g, R)132312 = Q(g, R)133414 = −Q(g, R)142412 = −Q(g, R)143413
= ex
1
(
ex
1
− 1
)
;
Q(S,R)122313 = Q(S,R)122414 = −Q(S,R)132312 = Q(S,R)133414 = −Q(S,R)142412 = −Q(S,R)143413
=
e2x
1
(
ex
1
− 1
)
(2ex1 + 1)
3 ;
P ·R122313 = P ·R122414 = −P ·R132312 = P ·R133414 = −P ·R142412 = −P ·R143413 =
2e2x
1
(
ex
1
− 1
)
3 (2ex1 + 1)
3 .
In view of above results we see that M2 satisfies the following pseudosymmetric type conditions:
(i) R ·R = e
x
1
(2ex1+1)
3Q(g, R) = Q(S,R),
(ii) P · R = 2e
x
1
3(2ex1+1)
3Q(g, R) and
(iii) R · R = Q(g, R) +
[
1− e−x
1
(
2ex
1
+ 1
)3]
Q(S,R).
7. Conclusions
In this present paper we have found out the necessary and sufficient condition for which a
warped product semi-Riemannian manifold Mn = M
p
×f M˜
n−p satisfies the pseudosymmetric
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type condition R · R = L1Q(g, R) + L2Q(S,R). It is shown that on each point x ∈ M of such
manifold either R = 0 or T = L1g or S˜ =
κ˜
(n−p)
g˜. Moreover if L2 is nowhere zero, then either
the base M is flat or the fiber M˜ is Einstein. As a special case of the main theorem we get
the necessary and sufficient condition for which a warped product semi-Riemannian manifold
Mn = M
p
×fM˜
n−p satisfies the pseudosymmetric type condition (i)R·R = 0, (ii)R·R = L1Q(g, R),
(iii) R · R = L2Q(S,R), (iv) R · R = Q(S,R), (v) P · R = 0, (vi) P · R = LQ(g, R).
It is proved that the base of a semisymmetric warped product manifold is semisymmetric and
fiber is pseudosymmetric, whereas both the base and fiber of a pseudosymmetric warped product
manifold are pseudosymmetric. It is also proved that on a warped product pseudosymmetric or
semisymmetric manifold due to projective curvature tensor either the base is flat or the fiber
is Einstein. By using the fact that the fiber of a semisymmetric warped product manifold is
pseudosymmetric, we have established an example which ensures that a pseudosymmetric manifold
is a totally umbilical hypersurface of a semisymmetric manifold.
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